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ISOMETRY GROUPS OF ALEXANDROV SPACES
FERNANDO GALAZ-GARCIA* AND LUIS GUIJARRO**
Abstract. Let X be an Alexandrov space (with curvature bounded
below). We determine the maximal dimension of the isometry group
Isom(X) of X and show that X is isometric to a Riemannian manifold,
provided the dimension of Isom(X) is maximal. We determine gaps in
the possible dimensions of Isom(X). We determine the maximal dimen-
sion of Isom(X) when the boundary ∂X is non-empty and classify up to
homeomorphism Alexandrov spaces with boundary and isometry group
of maximal dimension. We also show that a symmetric Alexandrov space
is isometric to a Riemannian manifold.
1. Introduction
Alexandrov spaces (with a lower curvature bound) are synthetic gen-
eralizations of Riemannian manifolds with a lower (sectional) curvature
bound. These spaces arise naturally as Gromov-Hausdorff limits of se-
quences of Riemannian n-manifolds with a uniform lower curvature bound
or as orbit spaces of isometric group actions on Riemannian manifolds
with curvature bounded below. Alexandrov spaces have provided a useful
tool in the study of smooth and Riemannian manifolds (see, for example,
[14, 15, 27, 28, 29, 33, 34]).
Since the class of Alexandrov spaces properly contains the class of Rie-
mannian manifolds, it is natural to ask to what extent Riemannian geometry
can be generalized to the Alexandrov setting. This problem has received sig-
nificant attention, especially from an analytic point of view (see, for example,
[20] and references therein). In this paper we adopt the viewpoint of trans-
formation groups and focus our attention on isometries of Alexandrov spaces,
inspired by the fact that in the Riemannian case the isometry group has been
extensively studied (see, for example, [18] and related bibliography). In [12],
Fukaya and Yamaguchi showed that, as in the case of Riemannian manifolds
(see [23]), the isometry group of an Alexandrov space is a Lie group. By
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a theorem of van Dantzig and van der Waerden [11] (cf. Theorem 1.1 in
[18, Chapter II]), the isometry group of a compact Alexandrov space is
compact. The presence of an isometric action has been used to obtain fur-
ther information on the structure of Alexandrov spaces. In [4], Berestovski˘ı
considered finite dimensional homogeneous metric spaces and showed that
when they have a lower curvature bound, they are also smooth manifolds
(see also [6]). The structure of Alexandrov spaces of cohomogeneity one and
their classification in low dimensions appears in [13].
The main difference between isometries of Alexandrov spaces and isome-
tries of Riemannian manifolds is that the former must preserve the metric
singularities of the space, i.e., they must map extremal sets to extremal sets,
points with a given type of space of directions to others of the same type,
etc. This not only imposes severe restrictions on the possible isometries but,
reciprocally, the existence of isometries usually results in the appearance of
additional structure in the singular sets of an Alexandrov space.
The present paper explores this theme in several directions, extending var-
ious results on isometry groups of Riemannian manifolds to the Alexandrov
case. We start with section 2, where we have collected some background
material, along with Alexandrov versions of the Isotropy Lemma and the
Principal Isotropy Theorem. In section 3 we derive an upper bound on the
dimension of the isometry group of an Alexandrov space of dimension n; this
bound is the same as the one for Riemannian n-manifolds (cf. [18]), which is
natural, since the existence of singular points in an Alexandrov space should
mean fewer isometries than in the Riemannian case, as pointed out above.
We make this more explicit in section 4, where we prove that the maximal
dimension for the isometry group of an Alexandrov space is only attained in
the Riemannian case. The results in sections 3 and 4 were proved for Rie-
mannian orbifolds, a special class of Alexandrov spaces, in [2]. In section 5
we bound the dimension of the isometry group of an Alexandrov space when
there are extremal subsets. In section 6 we show that the gaps in the possi-
ble dimensions of the isometry group of a Riemannian manifold derived in
[22] also occur for Alexandrov spaces. In section 7 we bound the dimension
of the isometry group of an Alexandrov space with boundary and classify
these spaces up to homeomorphism when the isometry group has maximal
dimension. This extends to the Alexandrov setting the work carried out in
[10] for Riemannian manifolds with boundary. In our case, there appears
a non-manifold with boundary and isometry group of maximal dimension,
namely, the cone over a real projective space. Finally, in section 8, we study
symmetric Alexandrov spaces following previous work of Berestovski˘ı [3].
Acknowledgements. The first named author thanks the Department of
Mathematics of the Universidad Auto´noma de Madrid for its hospitality
while part of the work presented in this paper was carried out. Both au-
thors would also like to thank Martin Weilandt and John Harvey for helpful
comments on a first version of this paper.
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2. Preliminaries
In this section we fix notation and collect some preliminary material that
we will use in the rest of the paper. For the sake of completeness, in subsec-
tion 2.2 we prove the Isotropy Lemma and the Principal Orbit Theorem for
isometric Lie actions on Alexandrov spaces. These results are well known
in the smooth case (cf. [15]).
2.1. Background and notation. Recall that a length space (X,dist) of
finite (Hausdorff) dimension is an Alexandrov space (with curvature bounded
below) if it has curvature bounded from below in the triangle comparison
sense. We refer the reader to [8, 9] for the main definitions and theorems
pertaining to these spaces. Further developments can be found in [32].
The primary source of technical difficulties in the study of Alexandrov
spaces is usually due to the presence of singularities. However, given an
Alexandrov space X, work of Otsu and Shioya [25], and of Perelman [26],
allows one to introduce a C0 structure on a large open subset of X. More
precisely, call a point p ∈ X regular if its space of directions Σp is isometric
to the unit round sphere Sn−1; otherwise, p is called singular. We will denote
the set of regular points of X by RX , and the set of singular points by SX ,
so that RX = X \ SX . The set RX is the intersection of countably many
open and dense subsets of X and is dense in X; any regular point has an
open neighborhood U and a map φ : U → Rn that is a homeomorphism
onto its image (cf. [25, 26]). In fact, there have been improvements on
the smoothness of the structure (cf. [24]), although we shall omit them here,
since they are not necessary in what follows. Proving some of our statements
in the Riemannian case requires using the differential of a map. Fortunately,
this can also be defined for Alexandrov spaces (see, for example, [21] for the
more general statements).
Given an Alexandrov space X, we will denote its isometry group by
Isom(X). The distance between two points p, q ∈ X will be denoted by
|pq|. Given an isometric action G × X → X of a group G ≤ Isom(X), we
will denote the orbit of a point p ∈ X by Gp. The isotropy group at p
will be denoted by Gp. Given a subset A ⊂ X, we will denote its image in
X/G under the orbit projection map π : X → X/G by A∗. Following this
notation, we will denote the orbit space of the action G ×X → X by X∗,
and a point in X∗ will be denoted by p∗, corresponding to the orbit Gp. A
useful fact about π is that it is a submetry, and as such admits horizontal
lifts of geodesics from X∗ to X (see, for instance, [5]).
We will also use the fact that the natural action of Isom(X) on X has
closed orbits (see, for instance, [19], section I.4). We will assume all actions
to be effective and all Alexandrov spaces to be connected. We refer the
reader to [7] for further background on the theory of transformation groups.
2.2. Isotropy Lemma and Principal Orbit Theorem. We now enunci-
ate and prove Alexandrov versions of the Isotropy Lemma and the Principal
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Figure 1. Proof of the Isotropy Lemma
Orbit Theorem. The main ideas follow closely Lemma 1.3 and Theorem 1.4
in [15], which are originally stated for the smooth case. We start with the
Isotropy Lemma, whose smooth version is due to Kleiner [17].
Lemma 2.1 (Isotropy Lemma). Let G be a Lie group acting isometrically
on an Alexandrov space X. If c : [0, d] → X is a minimal geodesic between
the orbits Gc(0) and Gc(d), then, for any t ∈ (0, d), the isotropy group
Gc(t) = Gc is a subgroup of Gc(0) and of Gc(d).
Proof. Fix t ∈ (0, d) and let g ∈ Gc(t). Proceeding by contradiction, suppose
that g /∈ Gc(d). The image of the minimal geodesic segment c([t, d]) under g
is a horizontal minimal geodesic segment from gc(t) = c(t) to gc(d) 6= c(d); it
follows that the curve c[0, t] followed by gc[t, d] still realizes the distance be-
tween the orbits Gc(0) and Gc(d), hence it is a geodesic. This is impossible,
since we would have bifurcation of geodesics at c(t) (see Figure 1). 
Theorem 2.2 (Principal Orbit Theorem). Let G be a compact Lie group
acting isometrically on an n-dimensional Alexandrov space X. Then there
is a unique maximal orbit type and the orbits with maximal orbit type, the
so-called principal orbits, form an open and dense subset of X.
Proof. Among the isotropy groups of least dimension, let H0 be one with the
least number of connected components. Such an H0 exists because isotropy
groups are compact. Let p0 ∈ X be a point with isotropy group H0. We
claim that H0 corresponds to a maximal orbit type. To see this, fix p ∈ X
distinct from p0 and let c : [0, 1] → X be a minimal geodesic between the
orbits Gp0 and Gp, with c(0) = p0 and c(1) = p. Observe that the Isotropy
Lemma and the choice of H0 imply that Gc(t) = H0 for t ∈ [0, 1). Thus, H0
(or one of its conjugates) is a subgroup of the isotropy group of any other
point in X, and therefore the orbit through p0 is a maximal orbit
Denote by X(H0) the set of maximal orbits. Since any point q ∈ X is
the endpoint of a minimal geodesic between orbits starting at the orbit
through p0, it is clear that X(H0) is dense in X. It remains to show that
X(H0) is open. This follows from the fact that, given an orbit P ∈ X(H0),
there exists a neighborhood of P such that for any other orbit Q in this
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neighborhood type(Q) ≥ type(P ) (cf. [7, Cor. II.5.5]). Since the orbit type
of P is maximal, the conclusion follows.

3. Dimension bound
We start by obtaining upper bounds for the dimension of the isometry
group of an Alexandrov space.
Theorem 3.1. Let X be an Alexandrov space of dimension n. Then the
dimension of its isometry group G is at most n(n+ 1)/2.
Proof. We will use induction on the dimension ofX. There is clearly nothing
to prove in the case n = 0, so we will assume that the theorem holds for all
positive integers less than n.
Lemma 3.2. Let X be a connected Alexandrov space and f : X → X an
isometry. If there is some p0 ∈ X such that f(p0) = p0 and dfp0 : Σp0 → Σp0
is the identity, then f(p) = p for all p in X.
Proof of lemma 3.2. It suffices to prove that the set of fixed points of f is
open in X. This follows from observing that f(expp(tv)) = expf(p)(tdfp(v)),
whenever both sides are defined. Since any point of X can be connected to
p by a shortest geodesic, the set
{ q ∈ X : q = expp(tv) for some v ∈ Σp, t ≥ 0 }
contains an open neighborhood of p. Therefore, since f(p) = p and dfp = 1,
the isometry f must fix that same open neighborhood. 
The main consequence of the lemma is that for any p ∈ X, the isotropy
group Gp acts faithfully by isometries on Σp. It follows from the induction
hypothesis that dimGp ≤ dim Isom(Σp) ≤ n(n− 1)/2.
Choose now a regular point p0 ∈ RX . We define the Myers-Steenrod map
F : G→ X as F (g) = g · p0. Clearly, F is continuous, because the topology
of G agrees with the compact-open topology; also, F (G) ⊂ RX , since each
isometry of X maps regular points to regular points and singular points to
singular points.
Let Xob ⊇ RX be the set of points in X for which there are at least n
directions making obtuse angles among them (cf. [26]). Fix some g0 ∈ G
and take a chart (U,ϕ) of Xob around g0 · p0. Observe that ϕ : U → R
n
is a homeomorphism on RX ∩ U for the structure introduced in [25] or
[26]. Now choose open neighborhoods V , W around g0 in G such that
V ⊂ W is compact and with ϕ ◦ F defined on W . Since the quotient map
π : G → G/Gp0 is a fiber bundle, we can assume, reducing the size of W if
necessary, that there is a section s : W˜ ⊆ G/Gp0 −→ W with π(W ) = W˜
and s([g0]) = g0.
Composing the maps s, F and ϕ results in a map F˜ : W˜ −→ Rn, given
explicitly by
F˜ ([g]) = ϕ(s[g] · p0),
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which is clearly continuous and injective.
Finally, observe that π(V ) is compact, F˜ |pi(V ) is continuous and injective,
and Rn is Hausdorff. It follows that the map
F˜ |pi(V ): π(V )→ F˜ (π(V )) ⊆ R
n
is a homeomorphism onto a subspace of Rn. Hence dimπ(V ) ≤ dimRn = n,
and
(3.1) dimG = dimπ(V ) + dimGp0 ≤ n+
n(n− 1)
2
=
n(n+ 1)
2
.

4. Rigidity
In this section we consider the case in which the dimension of the isometry
group attains its maximal possible value.
Theorem 4.1. Let X be an n-dimensional Alexandrov space. If the dimen-
sion of the isometry group of X is n(n + 1)/2, then X is isometric to one
of the following space forms:
(1) An n-dimensional Euclidean space Rn.
(2) An n-dimensional sphere Sn.
(3) An n-dimensional projective space RPn.
(4) An n-dimensional simply connected hyperbolic space Hn.
Proof. It is enough to show that X is isometric to a Riemannian manifold,
since the conclusion of the theorem holds in the Riemannian case (see, for
instance, Theorem 3.1 in [18], p. 46). As in the the previous section, we
proceed by induction, and we will continue to use the set up and notation
introduced in the proof of Theorem 3.1. Clearly, the starting case is trivial
and hence we assume that the theorem holds for every positive integer less
than n.
Assume now that equality holds in equation 3.1, so that dimGp0 = n(n−
1)/2 and dimπ(V ) = n. Since Σp0 is isometric to the unit round sphere S
n−1,
then dimGp0 = n(n− 1)/2 implies that, up to finite factors, Gp0 = SO(n).
We need now the following two lemmas:
Lemma 4.2. The set of singular points SX is empty.
Proof of Lemma 4.2. Let q be a point in SX . Since Gp0 acts transitively
on Σp0 , the metric sphere Sp0(|p0q|) is entirely composed of singular points.
Let p1 6∈ Bp0(|p0q|) be a regular point. A geodesic from p0 to p1 must
intersect Sp0(|p0q|) at some singular point. This contradicts the fact that
regular points in an Alexandrov space form a convex set (see [31]); hence
X = Bp0(|p0q|). In fact, we could assume q to be the singular point closest
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to p0 (and therefore we have shown that in our situation such singular points
can not be dense). Since p0 was an arbitrary regular point in X and these
form a dense subset of X, we conclude that SX is empty. 
Lemma 4.3. In the above situation, the Myers-Steenrod map F : G −→ X
is surjective.
Proof of Lemma 4.3. We will first show that F : G −→ RX is an open map.
Consider the following commutative diagram:
W
F
// U
φ

π(V )
F˜
//
s
OO
R
n
where U , V and W are defined as in the proof of Theorem 3.1. We have
dimπ(V ) = n and π(V ) has nonempty interior. Since F˜ is a homeomorphism
onto its image, F˜ (int π(V )) is an open subset of dimension n in F˜ (π(V )) ⊆
R
n. Hence Image(F˜ ) is open in Rn and Image(F ) = Gp0 is open in X. Since
X is connected, and the orbits of G give a partition of X, it follows that
there can exist only one orbit. Therefore, X = Gp0. 
Lemmas 4.2 and 4.3 imply that X is a homogeneous metric space with
a lower curvature bound. It then follows from a result of Berestovski˘ı [4,
Theorem 7] that X is isometric to a Riemannian manifold, as claimed. This
ends the proof of the main theorem in this section.

Remark 4.4. To prove Theorem 4.1 one could also show first that Isom(X)
acts transitively on the regular set RX and then use that the orbits of the
action of the isometry group are closed sets. Nevertheless, the authors did
not see a significant advantage in proceeding in this way.
5. Dimension bound in the presence of extremal sets
If an Alexandrov space contains extremal sets, then any isometry must
preserve these, thus having restricted its possible image. As pointed out in
the introduction, this has consequences for the dimension of the isometry
group. We make this explicit in the next theorem.
Theorem 5.1. Let X be an n-dimensional Alexandrov space. If X contains
a k-dimensional connected extremal subset E, then the dimension of the
isometry group of X cannot exceed(
k + 1
2
)
+
(
n− k
2
)
.
Proof. We will use reverse induction on the dimension k. Naturally, if k = 0,
then E is an isolated point p. Any element in the connected component of
the identity of Isom(X) must preserve p, and hence its differential induces
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an isometry on Σp. Since the action of Isom(X)p is faithful on Σp, it follows
from Theorem 3.1 that dim Isom(X) ≤ n(n− 1)/2, as desired.
Assume now that the theorem is true for any Alexandrov space of dimen-
sion n or less, and for all extremal subsets of dimension up to k − 1. Any
element in the connected component of the identity of Isom(X) must map
E to points of E, and thus the orbit of some p ∈ E has dimension less than
or equal to k. On the other hand, elements in Isom(X)p act faithfully on
Σp and it is well known that the set of tangent directions to E forms an
extremal subset of Σp of dimension k− 1 (cf. [30]). Hence, by the induction
hypothesis,
dim Isomp ≤
(
k
2
)
+
(
n− k
2
)
and
dim Isom(X) ≤ k + dim Isomp(X) ≤
(
k + 1
2
)
+
(
n− k
2
)
.

The bounds given in the preceding theorem are optimal, as the following
example shows.
Example 5.2. Let X be the Alexandrov space obtained from gluing in
R
n+1 a cone with vertex p0 with a hemisphere along their boundaries. Both
spaces have nonnegative sectional curvature, thus X has the same lower
curvature bound. If the cone is taken with angle less than π/2, then its
vertex p0 is an extremal set in X. Since X has spherical symmetry about
its axis, its isometry group is O(n), thus proving that the bound can not be
improved when k = 0. For higher k take the product of this example with
R
k, and let E be {p0} ×R
k. Clearly the isometry group of the whole space
is O(k)×O(n), which corresponds to the bound given in Theorem 5.1 once
dimensions are readjusted.
6. Dimension gaps
We generalize to Alexandrov spaces Theorems 3.2 and 3.3 in [18, section
II.3]. The first theorem below shows that, as in the Riemannian case, there
exists a gap in the possible dimensions of the isometry group of an Alexan-
drov space X of dimension n 6= 4. The second theorem shows that X is
isometric to a Riemannian manifold when Isom(X) has the next possible
largest dimension. As pointed out in [18], the techniques used in the proof
of the Riemannian versions of these theorems do not work when n = 4, due
to the fact that SO(4) is not simple, and thus this case must be considered
separately (cf. [16]). Mann [22] showed that, for Riemannian manifolds,
there is a more general gap phenomenon which includes as a particular case
Theorem 3.2 in [18]. The third theorem in this section shows that this
phenomenon also occurs for Alexandrov spaces.
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Theorem 6.1. Let Xn be an Alexandrov space of dimension n 6= 4. Then
Isom(X) contains no closed subgroups of dimension m for
1
2
n(n− 1) + 1 < m <
1
2
n(n+ 1).
Proof. Let G ≤ Isom(X) be a subgroup of dimension m, and let Gp be the
isotropy group of G at a regular point p ∈ RX . Observe first that the action
of G on X induces an embedding F : G/Gp →֒ X, so that
(6.1) dimGp ≥ dimG− dimX.
Let m > 12n(n− 1) + 1. Then, using inequality 6.1, we get
dimGp >
1
2
n(n− 1) + 1− n
=
1
2
(n− 1)(n − 2) + 1.
Since Σp is isometric to the unit round sphere S
n−1, the isotropy group Gp
is a closed subgroup of O(n). It follows from the lemma on page 48 of [18]
that Gp = SO(n) or O(n), and therefore it acts transitively on Σp.
Recall that the set RX of regular points of X is convex (see [31]). Thus,
given points p, q ∈ RX and a geodesic γ between them, its midpoint r is in
RX , and thus Gr acts transitively on Σr. There is then an isometry fixing
r and mapping γ to γop (= γ(a− t)), hence mapping p to q and vice versa.
This implies that Isom(X) acts transitively on RX . Since RX is dense in
X and the orbits of Isom(X) are closed in X, it follows that X = RX and
Isom(X) acts transitively on X. Hence
m = dimG = dimX + dimGp
= n+ dimO(n)
=
1
2
n(n+ 1).

We can also prove the following rigidity result.
Theorem 6.2. Let X be an Alexandrov space of dimension n 6= 4. If
Isom(X) has dimension 12n(n−1)+1, then X is isometric to a Riemannian
manifold, and thus is one of those listed in Theorem 3.3, p. 54 in [18].
Proof. Since a homogeneous Alexandrov space must be isometric to a Rie-
mannian manifold (cf. [4, theorem 7]), it suffices to show that Isom(X) acts
transitively on X.
If Isom(X) does not act transitively on X, then
dim Isom(X)p ≥ dim Isom(X) − (n− 1) =
1
2
(n− 1)(n − 2) + 1.
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As in the proof of the previous theorem, Isom(X)p = O(n) or SO(n), RX =
X and Isom(X) acts transitively on X. 
The case n = 4 is slightly different from the cases considered in Theo-
rems 6.1 and 6.2 above, and we treat it separately. As pointed out at the
beginning of this section, its peculiarity arises from the fact that SO(4) is not
simple. The main tool used is Ishihara’s paper [16], where the Riemannian
case was analyzed. For n = 4, the statement of Theorem 6.1 changes to allow
for the possibility of 8-dimensional subgroups in Isom(X); its proof follows
along the same lines as for general n, although one needs to use the lemma
in [16, p. 347], ruling out the existence of 5-dimensional subgroups of SO(4).
Thus, the dimension of Gp must be 6, and therefore it acts transitively on
S
3. To obtain the corresponding rigidity results one proceeds as in the proof
of Theorem 6.2. Using the fact that SO(4) has no 5-dimensional subgroups,
it is easy to see that a 4-dimensional Alexandrov space X with a group of
isometries G of dimension 7 or 8 must be a homogeneous space. Therefore,
X must be isometric to a homogeneous Riemannian manifold, and hence one
of those considered by Ishihara in [16]. When G is 7-dimensional, this yields
the analog of Theorem 6.2 in dimension 4. In the exceptional case, where
G = 8, the space X must be isometric to a Ka¨hler manifold of constant
holomorphic sectional curvature (cf. [16, section 4]. These Ka¨hler manifolds
do not have higher dimensional analogues in the list of manifolds that occur
for general n in Theorem 6.2, in contrast to the 4-dimensional spaces with
a 7-dimensional group of isometries.
We conclude this section with an extension to Alexandrov spaces of Mann’s
gap theorem in [22]. Observe that we recover Theorem 6.1 by setting k = 1
in the theorem below.
Theorem 6.3. Let X be an n-dimensional Alexandrov space with n 6=
4, 6, 10. Then the isometry group Isom(X) contains no closed subgroup G
such that the dimension of G falls into any of the ranges:
(
n− k + 1
2
)
+
(
k + 1
2
)
< dimG <
(
n− k + 2
2
)
, k ≥ 1.
Proof. Mann’s arguments in [22] carry over verbatim to our case, except for
one detail: In Cases A and B in the proof of Theorem 1 in [22], one should
choose the point x ∈ X to be regular and lying in a principal orbit; this can
be done, since the principal stratum is open and dense in X and the set of
regular points is dense in X (cf. section 2).

7. Isometry groups of Alexandrov spaces with boundary
We now extend to Alexandrov spaces results by Chen, Shi and Xu [10]
for Riemannian manifolds with boundary. We follow their proof closely,
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noting that one must make appropriate modifications for it to work in the
Alexandrov case. We start with the following result.
Theorem 7.1. If X is an n-dimensional Alexandrov space with non-empty
boundary ∂X, then
dim Isom(X) ≤
1
2
(n− 1)(n − 2).
Proof. Since it is not known whether the boundary of an Alexandrov space
is also an Alexandrov space, we must proceed with some care. We know that
∂X is a metric space of Hausdorff dimension n − 1. Given a point p ∈ ∂X,
the orbit of p under the action of G = Isom(X) is entirely contained in ∂X,
and hence is of dimension at most n− 1.
Now, we proceed by induction, the case n = 1 being trivial. Let p ∈
∂X and observe that the space of directions Σp is an (n − 1)-dimensional
Alexandrov space with boundary. The isotropy Gp acts on Σp by isometries
and, by the induction hypothesis, dimGp ≤
1
2(n−2)(n−3). The conclusion
is immediate 
As pointed out in the proof of the previous theorem, it is not known,
in general, whether the boundary of an Alexandrov space is an Alexandrov
space (with its induced intrinsic metric). The following proposition shows
that, if the isometry group of an Alexandrov space with boundary has max-
imal dimension, then the boundary is, in fact, a Riemannian manifold.
Proposition 7.2. Let X be an n-dimensional Alexandrov space with non-
empty boundary ∂X. If dim Isom(X) = 12(n−1)(n−2), then each connected
component of ∂X, with its induced intrinsic metric, is isometric to one of
the space forms in Theorem 4.1.
Proof. Let G = Isom(X) and fix p ∈ ∂X. It follows from the proof of
Theorem 7.1 that, since the dimension of G is maximal, the dimension of
the orbit Gp ⊂ ∂X is n − 1 and the dimension of the isotropy group Gp is
maximal. By the Theorem of Invariance of Domain, the orbit Gp is open
and, since it is also closed, it must correspond to a connected component B
of ∂X. It follows from Theorem 7 in [4] that B is a Finsler homogeneous
manifold. Since Gp is of maximal dimension, the unit vectors at each point
tangent to the boundary must be a round sphere. Thus, the Finsler structure
is Riemannian and the conclusion follows from Kobayashi’s rigidity result
[18, Theorem 3.1].

We conclude this section with the topological classification of Alexandrov
spaces with boundary and isometry group of maximal dimension.
Theorem 7.3. Let X be an n-dimensional Alexandrov space with non-empty
boundary ∂X. If dim Isom(X) = 12(n− 1)(n − 2), then the following hold:
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(1) If X is compact, then it is homeomorphic to one of the following
spaces:
(a) A closed n-dimensional unit ball in Rn.
(b) A cylinder Sn−1 × [0, 1] or RPn−1 × [0, 1].
(c) RPn with a small open disc removed.
(d) A cone over RPn−1.
(2) If X is non-compact and ∂X has a compact component, then X is
homeomorphic to a half open cylinder Sn−1× [0, 1) or RPn−1× [0, 1).
(3) If X is non-compact and every component of ∂X is non-compact,
then X is homeomorphic to Rn−1 × [0, 1) or to Rn−1 × [0, 1].
Remark 7.4. The only new space in Theorem 7.3 not appearing in the
Riemannian case is the cone over RPn−1.
Proof of Theorem 7.3. By looking at level sets of the distance function to
a component of ∂X, we observe, as in [10], that the action of Isom(X) on
X is of cohomogeneity one. Thus the orbit space X∗ = X/ Isom(X) is
homeomorphic to either [0, 1] or [0, 1).
In case (1), the orbit space X∗ is homeomorphic to [0, 1]. The isotropy at
the endpoint of X∗ = [0, 1] corresponding to a component of ∂X is SO(n−1)
or O(n− 1), while the isotropy at the orbits corresponding to points in the
interior of [0, 1] is SO(n − 1). The isotropy at the other endpoint must
contain SO(n − 1) and thus can only be O(n − 1) or SO(n), yielding the
desired spaces. The only case not appearing in [10] is the one in which the
points 0 and 1 in X∗ ≃ [0, 1] have, respectively, isotropy O(n−1) and SO(n).
This corresponds to the cone over RPn−1. Cases (2) and (3) follow as in
[10]. 
Remark 7.5. Since the action of Isom(X) on X is of cohomogeneity one,
the metric of X is quite restricted. This idea was examined for smooth
manifolds in [10], where the authors proved that the metrics were warped
over an interval. It is natural to expect that similar versions can be given
for Alexandrov spaces, although with certain modification on the warping
function to reflect the possible lack of smoothness. The results in [1] can be
used in this context to show that the metric is warped over an interval with
a semiconcave function as warping factor. We have omitted the details for
concision’s sake, since they can be easily completed.
8. Symmetric and locally symmetric Alexandrov spaces
Following [3], we say that an Alexandrov space X is a locally (uniformly)
symmetric space if for every p ∈ X there is a neighborhood U(p) of p and a
number r > 0 such that for all q ∈ U(p), the ball Br(q) admits an isometric
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involution with q as its only fixed point. The space is symmetric if the
involutions extend to all the space. In the above reference, Berestovski˘ı
shows that for simply connected G-spaces, locally symmetric and symmetric
are equivalent conditions. However, the situation is different for Alexandrov
spaces, as we show in the following example.
Example 8.1. Consider the double disk X. It is locally symmetric, simply
connected and it is not symmetric. In fact, geodesic involutions do not
extend to isometries of the whole space for points different of the centers
of the disks, or of the glued boundary. More generally, if Ω ⊂ Mn is a
geodesic ball in a symmetric space, then Double(Ω) is locally symmetric but
not symmetric.
Example 8.2. Any regular polyhedral surface with an even number of edges
meeting at each vertex, for example, the surface of an icosahedron, is locally
symmetric but not symmetric, and is not the double of a geodesic ball in
a symmetric space. The same holds for the double of a right cone over a
circle of length less than 2π. Thus, Example 8.1 does not exhaust all the
possibilities for locally symmetric Alexandrov spaces that are not symmetric.
The abundance of examples makes it difficult to give a general structure
result for these spaces.
Example 8.3. The double of the half-disc D2 ∩ { (x, y) ∈ R2 : y ≥ 0 } in
R
2 is a non-negatively curved Alexandrov space that is neither symmetric
nor locally symmetric, as can be seen by considering its vertex points. This
shows that not every double of a convex domain in a symmetric space is
locally symmetric.
We conclude our paper with the main result of this section.
Theorem 8.4. A symmetric Alexandrov space is isometric to a Riemannian
manifold.
Proof. Let Xn be an n-dimensional Alexandrov space. Let p ∈ Xn be a
regular point, so that Σp is isometric to the unit round sphere S
n−1. Let
σp be the isometric involution at p, i.e., σ
2
p = Id. Since X
n is symmetric,
σp ∈ Iso(X). We will now show that dσp : Σp → Σp exists and agrees with
−Id|Sn−1 .
Consider the sequence of isometries
σa : (aXn, p)→ (aXn, p).
Letting a→∞ we get an isometry
σ∞ : Co(S
n−1) ≃ Rn → Rn
and dσp = σ
∞|Sn−1 . Observe that dσp is −Id|Sn−1 , since σ
∞ has no fixed
points away from the origin and it is an orthogonal involution.
Let x, y ∈ RX and let γ : [−a, a] → X be a geodesic joining x to y.
Observe that the image of γ is contained in RX . Let m = γ(0). Since
dσm = −Id, σm sends expm(tv) to expm(−tv), we have that γ(t) goes to
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γ(−t). It follows that σm preserves such geodesics, so Iso(X) acts tran-
sitively on RX . Since Isom(X) has the compact-open topology, the orbit
Isom(X)(p), p ∈ RX , is closed and, containing all of X \ SX , needs to be
X. Therefore, Isom(X) acts transitively and X is a homogeneous space.
A result by Berestovski˘ı (cf. [4, Theorem 7] applies to conclude that X is
isometric to a Riemannian manifold.

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